Abstract: This paper deals with the equation
Introduction
In this paper, we are concerned with the existence and uniqueness of weak solution for a weighted p-laplacian boundary value of the form:
in Ω, ∂u ∂η = 0, on ∂Ω.
Let Ω be a bounded domain in R N and f : Ω × R → R be a Caratheodry (CAR) Satisfies the following: (H 1 ) f (x, s 1 ) ≤ f (x, s 2 ) for a.e. x ∈ Ω and ∀s 1 , s 2 ∈ R, s 1 ≥ s 2 .
(H 2 ) |f (x, s)| ≤ f 0 (x) + c|s| p−1 p.p. x ∈ Ω s ∈ R that there exists f 0 ∈ L p ′ (Ω), and c > 0.
(H 3 ) 0 < α ≤ a(x) ≤ β < +∞. This paper is organized as follows: Section 2 contains some basic definitions concerning the nonlinear operators that will be used throughout the paper. Also, we introduce the space setting of the problem and give some basic characteristics, as the equivalent norm and embedding results. In Section 3 we state the main result on the existence and uniqueness of weak solutions of the problem (P).
Preliminaries and Space Setting
First, we introduce some basic definitions concerning the nonlinear operators which we use extensively in this paper (0.3).
Definition 2.1. (see [7] ) Let A : V → V ′ be an operator on a real Banach space V. We say that the operator A is:
(i) bounded iff it maps bounded sets into bounded i.e. for each r > 0 there exists M > 0 (M depending on r) such that
(iv) strictly monotone iff
(v) strongly monotone iff there exists k > 0,
Theorem 2.1. (Browder, see [7] ) Let A be a reflexive real Banach space. Moreover let A : V → V ′ be an operator which is: bounded, demicontinuous, coercive, and monotone on the space V . Then, the equation
If moreover, A is strictly monotone operator, then the equation (P) has precisely one solution u ∈ V for every f ∈ V ′ .
Existence and Uniqueness Results
In this section, using Browder theorem, we prove the existence and uniqueness of weak solution for equation (P).
Our main results concerning problem (P) is the following theorem.
Theorem 3.1. Let p ≥ 2,and f (x, u) ∈ CAR(Ω, R) satisfy (H 1 ), (H 2 ) and (H 3 ). Then problem (P ) has a unique weak solution.
Proof. We define for the operator A :
for all u, ϕ ∈ W 1,p (Ω). Thus, to find a weak solution of (P ) is equivalent to finding W 1,p (Ω) which satisfies the operator equation A(u) = 0. Now, we have the following properties of the operators J and F . a) J and F are well defined. Using Holders inequality, we have
By Hölder's inequality,
Hence J, F are well defined.
b) J and F are bounded operators. Indeed, for every u such that
Also, we get
Where k is the constant of the embedding of
c) J and F are continuous operators if u n → u, in W 1,p (Ω). Then, we have
Applying Dominated Convergence Theorem, we obtain
Similarly, we have
we have the following inequality
Now,
Using (1), we get
, for p ≥ 2.
Since f is decreasing with respect to the second variable, we have
Equations (2) and (3) imply that
So A is strongly monotone. Now, to apply Browder theorem, it remains to prove that A is a coercive operator. From (4), we have
.
On the other hand
This proves the coercivity condition and so, the existence of weak solution for (P). The uniqueness of weak solution of (P) is a direct consequence of (4). Suppose that u, ϕ be a weak solutions of (P) such that u = ϕ. Now, from (4) Therefore u = ϕ This completes the proof.
